Statistical Physics & Condensed Matter Theory I:
Exercise

Mean-field theory for the Anderson impurity model

A given metal sample, no matter how pure, will inevitably contain some form of randomly-
distributed impurities which can sometimes greatly affect physical properties (like conductivity).
In this problem, we study a simplified situation in which a single impurity is embedded in the
crystal.

Our starting point is the Hamiltonian for the conduction electrons, which we write as

H.= Z Z(Ek - N)CLnga
k o

where CLJ and ¢y, are respectively creation and annihilation operators for the conduction electrons,

obeying the canonical anticommutation relations {cke, CL,U,} = 0k k' 000’. The precise form of the
dispersion relation ey is not important, although the existence of a well-defined Fermi surface
will be assumed later on. Note that we have explicitly written the chemical potential p for the
conduction electrons directly inside their Hamiltonian.

Somewhere within the metal sits an impurity (different type of atom). For simplicity, we
represent this atom as a single orbital level (typically the outermost orbital of the impurity, e.g.
the d-shell for a Fe atom), and we write creation and annihilation operators for electrons on this
orbital as df ,d, respectively. For the impurity level, we take a Hubbard-like Hamiltonian:

Hipp=Hy+ Hy = Z(Ed — o) dy + Unggnay.

o

Here, ¢4 is a given one-body energy, ji4, are impurity chemical potentials defined for later conve-
nience, U is a Hubbard interaction parameter and ng, = d,d, are occupation number operators
for the impurity level.

Physically, electrons propagating in the metal will have a wavefunction which overlaps with
that of the impurity level. The electrons will thus be able to hop on or off the impurity due to the
hybridization between these states. This is taken into account in second quantization by including
a hopping term in the Hamiltonian of the form

Hpop = > (tidf e + teclydo)
k o
in which t, are given complex amplitudes (they depend on the microscopic details). The full
Hamiltonian for the Anderson impurity model is thus
HAnd = Hc + Himp + Hhop-

We would like to know what happens: does the impurity capture an electron? Two? Does the
impurity spontaneously magnetize (that is, does it tend to capture one spin projection more than
the other)? This problem addresses this question.



a)
The U term is difficult to handle, since it contains a product of four fermionic operators. We will
thus simplify the problem by making a mean-field approximation. Argue that we can take

Hy = HY'" = U ((nar)nay + (nag)nar — (nar)(nay)) -

b)

Write down the coherent state functional integral for the partition function for this mean-field the-
ory, in the Matsubara representation (use the notation v, and ¢, ¢ for the Grassmann variables
for the conduction electrons and impurity electrons, respectively).

c)

Show that the partition function can also be written as (hint: consider a shift 1,9 — ' 1))
Z — UM (nay) /D@/,w/)e—sw?zw /D@, $)e=515:9],
in which the fields are decoupled and have free actions
ST =D 0 onl—iwn + ek — i,
kK o n

S[é> ¢] = Z Z (Z;an[_iwn +&€d— Hdo + U<nd,fa> + Z(iwny ,U/)](bon
o n
in which we have defined the ‘self-energy’ of the impurity electrons as

2
S (iwn, 1) = Z B

” Wy — €k + 1

which we will explicitly calculate later.

d)

Calculate the partition function explicitly by performing the necessary Grassmann integrations,
and show that the free energy F = —T'In Z can be written

F=-T Zk: D [B(—iwn e —m)] =T Y > In[B(—iwn+ea— pa,e+Und, o)+ E(iwn, 1))].

e)
Let us now look at the self-consistency of the mean-field approach. Argue on the one hand from the

definition of the partition function that the expectation value of the impurity electron occupation

number must be given by
oOF

; 8/1411,0 ’

<nd,o> =

and, on the other hand, that this derivative equals

OF 1
-1y .
aﬂd,o Z Wy — Eq + Hd,oc — U<nd77<7> - E<an7 M)

n



f)
We are now at the stage where we would like to evaluate (ng4,) using the equation above, but
before we can proceed we must calculate the self-energy, which we do by first making a number of

approximations. First of all, we assume that the only important states of the conduction electrons
are those with an energy within a restricted band —D < ex < D. We can thus write

[t
Wy —E€+ W

) |tk|2 D
Slioni) = Y M o [ deppos(e)

K Z'(*’Jn_gk"":u

in which ppos(e) is the density of states. We then assume that for states within the restricted
band, we have ppog|t|? ~ I'/27 in which T is a positive constant. Show that under these assump-
tions, the self-energy takes the form'

' iw,+upu—D

Y(iwy, ) = ——In - .
(iwon, 1) 2w nzwn—|—u—|—D

g) *

Performing the Matsubara sum in question above is a nontrivial task? (I give you the answer
here). Assuming that ¥(w +1d, u) — X7 (u) + 5Tsgn(0) for w € [~y — D, —p+ D], in which X7 (1)
is a real-valued function, the result for the self-consistency equations becomes

(na) /M*D dw 1 r N 1
Nd.o) = — -
* —p—p 2m P +1(w—eq+ pao —U(na,—o) —X7)2+(T/2)2 * efo +1

in which zp = €4 — pta,0 + U(ng,—») + O(T"). Taking the T' — 0 limit of this equation and assuming
infinite bandwidth D — oo, show that the self-consistency equations become (assuming zg > 0)3

() = 11 atan [ E17 Hdo +U(ng—o)+3"
bol "9 T /2 '

h) *

Taking the impurity chemical potentials equal to the bulk one (pq, = ), and defining a =
% and b = 2¥, can you convince yourself that solutions with (ng) # (

values of a, b?*

nqy) exist for certain

1 Hint: remember that f: d?’“ =Inb—1Ina
2If you want to know, this is because the self-energy has two branch cuts.
3 Hint: use partial fractions and the identity atan x = 2% In }fz;
4 Hint: atan ¢ =  — 23/3 + .... Also, you can for example assume that (nq,) = % + odn in which dn << 1, and
that a ~ %




