Coherent states and harmonic oscillator: solution

a) Since a|0) = 0 = 0|0), the vacuum is a coherent state of eigenvalue zero. Using & = T(aT +a)

and p = f(aT a), the averages are variances are computed as follows:

7 = (02]0) = = a a = =
7= (0110} = = (({0la")[0) +{0)(a]0))) =0+0 =0,
p = (010) = —5 (((0la")0) = (Ol(alo))) =0 - 0=0,
Az? = (0]32]0) = %<o|( +a)?10) = (0] (a')? + a® + 2ata + 1) 0) = 5,
AP = (03]0) = SH0l(a" — )’l0) = ZH0] ((a)? + a2~ 2a'a 1) 0) = .

where we have used the dual relation (0la’ = 0 and normal-ordered the aa' terms as afa + 1. We
therefore get AxAp = 1/2, so we saturate the Heisenberg relation.

A o (qf—
b) We can write T(a) = e %P = eV =% Using the CBH formula with A = a, B = af —a
and \ = f’ we can write

o (gt_qg a (gt —q a (gt _q a (gt —qg a (gt —qg
aeva' ) = {a,eﬁ( )]—i—eﬁ( )a:\%eﬁ( )—l—eﬁ( a.

Thus, applying this on |0) and using the fact that the vacuum is a coherent state with zero
eigenvalue, we get

aT(a)|0) = %T(aw +T(a)al0) = %T(a)\m

so T'(«)|0) is a coherent state with eigenvalue 5+ The normalization is given by
(O[T ()T (@)[0) = (0] ¥~V = 0) = (0[1]0) =1

where we have used that 77T = 1 as seen from CBH with A = —B = %(a —a') ([4, B] is then
trivially 0).

The averages and variances are computed as follows, using this last result and its dual (0|77 (a)a’ =

%<O\Tf(oz):
7= L (OT (@)(a + )T(@)0) = =% =a, p=—=(0T"(a)(a' - a)T(a)j0) = LD 2L _
V2 V2v2 oo V2 V2 V2
. _ 1 1,02 o o?
Ar? = (3% - 7% = 5<0|Tf(a) ((a")?+a? +2daTa + 1) T(a)[0) — a® = s +tg 2y +)- o?
_ a2 CY2 a2
Ap?* = 71<0‘TT(OZ) ((a")?+a? —2a'a — 1) T(a)[0) = 71(? t5 25 1)

so Heisenberg’s relation is still optimized.



c) Normalization: again, use CBH with A = —za' +2*a = —B to get <0|e_z*a‘*‘z*‘ﬂe'mT

1. The state behaves like a coherent state since

~1e0) =

zat—z*a
ae

0) = ([a, e’whz*“] + e’whz*“a> |0) = [a, za® — z*a]emtz*“m) +0= ze’whz*“\O).

The averages and variances are thus, using the notation ez“T_z*a|O> = |z) such that a|z) = z|z),
(z|lat = 2*(z|:

o= (el + ) = T = Gl — k) =i T

* 2 1

Aa? = 3{el (@ + o 2ata 1) 1) = = 5 ()2 + 2+ 2 4 1) = 2 — 0
_ _ * 2 1

Ap? = 71<Z| ((a")? +a® —2dTa - 1) |2) - p* = 71 ()2 422 =22 — 1) + E =2 . 2 _ 5

so Heisenberg’s relation is still optimized.



