Statistical Physics & Condensed Matter Theory I:
Exercise

The Jaynes-Cummings model: Solution

a)

The only nontrivial commutators are
. Q 1
[Hyjo,N] = §[a0+ +afo,ata+ 50'2].

Explicitly,

+_ .t

*.a'a) = [a,allacT = act, [a'o7,ald] = allal,alo” = —alo™,

[ac™,a

[ac™,0%] = —2a0™, [afo

Since these all add to zero, we indeed have [H ;¢, N| = 0.

b)
Explicitly, we have
o®|n,o) = o|n,0), ataln, o) = nln, o), o==x1(1,]).
Since 07|n,1) = 0 = 07 |n, ), the only other nonzero matrix elements are
act|n, 1) = valn = 1,1), alo”|n—1,1) = Valn, ).
The action of the Hamiltonian on the two basis states is thus straightforwardly written as

Hin—1.1) = [ + w(n— D)~ 1.1) + 20,

Q
By =[5 +umln, ) + 1,9,

giving
g™ _ 5+w(n—1) $/n
JC $/n -5 +wn

which gives the required form when substituting for the detuning.

c)

The Bogoliubov form is here

[ cosf  sind  Qyn )t L2 a2 10
U(Sin9 —c050>’ tan20 = ———, UH;nU 75(9 n+06°) 0 .



The two eigenstates are

U( (1) ) =cosfln—1,1) +sinb|n,}) = |+),
0
1

) =sinfln —1,1) — cosb|n,}) =|-),

their energies being

n 1 1
H§C)|i> = [w(n - 5) + 5(9271 + 52)1/2 |+) = E1|+).

d) Rabi oscillations
By inspection, knowing that sin? @ + cos®> # = 1, we see that the initial state can be written as
[(t =0)) = |n,]) =sinf|+) — cos O|-).
The time-dependent wavefunction is then
[¥(t)) = e_ngnc)tW(t =0)) = e Frtsinf|+) — e -t cosh|—).
The propability P...(t) of finding the system in the excited state [n — 1,7) is thus
Pege(t) = [(n = 1,1 [0 (1)

This can be calculated using the fact that |n — 1,1) = cosf|+) + sinf|—) and that |+) are by
construction orthonormal:

(n— 1,1 [1h(t)) = (cos O(+| + sinO(—|) (e P+ sin §|+) — e~ *F~t cos §]—))
= cosfOsinf(e 1+t — e 71E-t) = _jgin 20w (n—1/2)t sin[i(an + 6%)V/ 2.

We thus get
1
Pese(t) = sin® 20 sin*[ 5 (@%n + 6%)/%1]
Using
tan? 26 B O02n
1+tan?20  Q2n 4 52
and the identity sin? 20 = %(1 — cos 26) gives the required form
_ ¥
02n + 62

sin? 20 = tan? 20 * cos® 20 =

1
Pe:vc(t) = 5(1 - COSWRt)

displaying Rabi oscillations at frequency

wr = (220 + 6%)1/2.

e) Coherent initial state

Using the formulas for coherent states, we have that
<0’¢ ‘eA*ae)\an‘07¢> — 6|)“2<0,\L |07\L> — e\>\|2

so N = e M*/2, Setting the detuning to zero, the time-dependent wavefunction becomes
A2
2

(1)) = e et (t = 0)) = e Hrete 3

n=

o]
n
_2

e 2 '(e_iH"Ct|n7¢>).

Oﬁhl?\w = — \/77,7

The last parenthesis is precisely the time-dependent wavefunction which we used in the previous
subproblem. The required time-dependent probability is thus

Sl o) = e S 'Anﬁu ~cos(@vt) = 5 — 5e MY % cos(Q/t).
n=0 n=0 . n=0 '




f)* Collapse and revival

The sum contains the factor

|)\|2n _ einn\M—lnn! ~ 1

6277, In |[A|—nlnn+n
n! 2mn

where we have assumed n >> 1. The argument in the exponential has a peak at a value n, such
that 2In|\| —Inn, = 0 = n, = |A\|?>. Expanding the function f(n) = 2nln|A\| — nlnn + n to
quadratic order around this point yields

F(0) = F(ng) + mg (0 — 1) + .. = A +

—IAP)2+ ..
on2 (n —[AIF)" +

2[A2

Rewriting the sum in terms of a new symbol m with n = [A|> + m, m running from —|A|? to oo
(we can replace the lower bound by —oo since the summand is negligible for large |m|), we get the

required

1 1 = —m® ot/ |APtm
P.ye(t) ~ = — ———— Re e 2P? .
03~ 5 /mmmp ( 2

m=—0o0

The Gaussian form shows us that we only really need to look at contributions from terms with
m < |\, For large |\|?, we can write \/|A]2 +m =~ |\ + afy- The terms around the peak thus

have a time dependence of the form SUNF XTI = it These thus oscillate with a frequency

~ Q|| in other words the time scale for oscillations is Tpse >~ ﬁ Thinking of the sum of terms
with |m| < |A|, we can see that the phases (which are all the same at ¢t = 0) of the terms within
this restricted sum, get uniformly distributed over the range 0 to 27 (and thus more or less average
out to zero, representing decay of the oscillations) in a time Tye. such that Tge. (€25 — ) =~ 27, in
other words (not caring about constants of order 1) Tye. ~ 1/€Q. These oscillations will however all
come in phase together again at a time T}, such that Trep (L1 — Q) = 1, namely Tre, =~ |A]/Q.



