Statistical Physics & Condensed Matter Theory I:
Exercise

The resonant level model: Solution

a)

The total number of fermions will be conserved under time evolution provided [Hgrrar, Ny] = 0.
We can compute this term-by-term. Besides the obviously vanishing terms [chk,cL,ck/] =0,
[c}ick, d'd] =0, [d'd,d'd] = 0, we have the nontrivial commutators

[c}id, cL,ck/} = chcL,ck/ — cL,ck/ch = dc,t,{c;, cp} = —5k,k/c£d,
|:dTCk, CL,C]C/:| = dTCkCL,Ck/ - C};,Ck/dTCk = dT{Ck, CL,}Ck/ = 5k7k/dTCk,
and (remembering that d?> = 0 and (d")? = 0),

|eld da] = ldd'a — d'acd = f (1 — d'a)yd 0 = e[,
[d'cy,dld] = d'epd’d — dTddT e, = 0 — d(1 — d'd)ey, = —d'cy.

Therefore,
[Hria, Ny| = tz [CLd +d'ey, cL,ck/} +t Z {cld +diey, de}
kK’ k
=t Z (_CLd +dep + czd — chk) =0.
k
b)

We need to explicitly calculate (dropping obviously zero terms proportional to [c;ic;€7 d'] =0 and
[dTd, c] = 0 and the like)

[HRsz,f;] = ZEan,k/ {Czck,c;rf/] + LnEd [de7 dT] +t an {C;rcd, dq + ZM"J“, [dTCk,CL/}
N k k,k’

= euMy el + Lucad' + 1L, > ch + > Myt = (ex Mo + tLn)c), + (eaLn + 1Y My p)d!
k k k k k

(using e.g. [c;fcd, d'] = chdJr - chLd = cL{d7 di} = cL and similar). Equating this to E, f} yields
the conditions

ETLMn,k = ngn,k + tL’ru EnLn = 5dLn +t Z Mn,k
k

which are the sought-after coupled equations for M, ; and L,,.



¢)

Using M,, . = tL,/(E, — ¢i), we get (E, —eq)L, = t*L, Dok ﬁ_sk and therefore

t2
En_ad:ZEn—Ek.
k

d)
We have
(Ol £110) = 1O (M i) ex + Lid) (O My el + Lnd)[0)
k k'
= Z n, k n k! O|Ckck'|0> + ‘L | <O|ddT|O Z |Mn,k’|2 + |Ln‘2
k,k’ k

and thus (substituting for M, j from above)

—1/2
+2
|Ly| = (1 + %:7@” — EW) :
e)

For your enlightenment, let’s first prove the identity given in the question:

Z 1 _Z 1 2 1
E, —¢en ZE,L—A(k—l/Q)_A 2By _ (2K —1)

kEZ

1 1 2 AE, /A T (TEn
AZ< (2k—1)+2’§"+(2k—1)>_AZ(Q?)Q—(%—U?_ A (A

Thus,

Z 1 B 0 < T an (ﬂ'En>> B w2 1
_ 2 A ~ A2 . ormE,
= (E, — &) oFE, A A A2 cog? TR

But we also have

E, —¢q 1 '/T t T,
= = ——tan
t2 E, —¢g A A
k
so
(En — 5d)2 w2 1 1 A? 9
s E) T ) s =14+ S (B, — ).
1 A2 | cog? ZBa cos? Thx + 7r2t4( €a)

This allows us to write

so finally
t2
(En —€q)? +t2(1 + w2t2/A2)’

|Ln|2 =

and this has Lorentzian form I/((E, — a)? + 4?) with I = t?, @ = ¢4 and inverse lifetime
v = t(1 4 72t2/A%)1/2,



