Statistical Physics & Condensed Matter Theory I:
Exercise

Superexchange and antiferromagnetism: Solutions

a) Action of H, on S¢,, = 0 states:

Hy|sy) = _tz (a1,a20 + aiaala)an%llm (a1wa1l|0> + G‘QTGQL‘O»

= —t(|d1) + [d2)) = H|s2)
Hy|dy) = ... = —t(|s1) + |s2)) = Hy|dy).

The action of H, is very simple:

b) The first part simply requires expanding the exponentials to order t? on both sides:
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The second part is obtained by straight substitution:
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5 —[0,[0,H]| + ...) = H, +it[O, Hy].

Linear in t of(H + it[O, H] —
The third part becomes:
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so we get

c) We have
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so a = i/U. Proving the relation using the second way:

[Hy,0) = HyO = Ofy = — (HUP By — HyPyH, Py — PyH, Py + PdfftPSHU)



Using the fact that ﬁU s =0 = Psffy, fIUPd = UI:’d = PdeU, we get

[HUaO] = — O—UPdI:ItPS—UPSEfth+O) — TZIA{t

d) Substituting and projecting onto singly-occupied subspace,
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We have

H,PyH, = ﬁtz i) (di|He = 2% (1s1) + |s2)) ({s1] + {s2)
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= 2’52(2 i) (sl + |s1)(s2] + [s2)(s1])
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e) But the earlier P permutation operator switches the spins on 1 and 2, i.e. P|s;) = ]P’ahagl |0) =
aila% |0) = —aéTaL|0> = —|s3) so this operator is represented in this subspace as P = —(|s1)(s2|+
|s2)(s1]|). We therefore get o R

P,H,P;H,P, = 2t*(1 — P)
With our earlier result that
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with J = 4% is the antiferromagnetic exchange strength.



