Statistical Physics and Condensed
Matter Theory I: Final exam

Tuesday 21 October 2014, 9:00 - 12:00, REC C0.02

Please write legibly and be explicit in your answers. I cannot give you points for things I
can’t/don’t see !

Please use separate sheets for each question, and put your name, student number
and study programme on each of them.

There is a collection of useful formulas at the end, class notes and books are not allowed.
This exam consists of 2 problems. You should do both of them.

Sub-questions marked with * are particularly challenging. Consider solving them only once
you're finished with the rest.

Be smart: if you're stuck on a (sub-)question, don’t lose too much time, you can always
move on to the next one (the questions are formulated in order to make this possible).

The points add up to 110, so you can drop some (sub) questions without being penalized.



1. Spin waves and the Kubo formula (40 pts)

Consider a one-dimensional lattice of IV sites, with spin operators S,,, defined at each site m =
1,..., N, with periodic boundary conditions S,,+n = S,,. We are interested in the ferromagnetic
Heisenberg Hamiltonian

N
1 — - z z
H=-J) [2 (878551 + 55 Sj41) + AS] j+1}
=1

with J > 0, and in which the anisotropy parameter A is an arbitrary real number (we take it here
to be positive).

a) (5 pts)

Describe (if possible) all classical and quantum ground states of this system, treating the A > 1
and 0 < A < 1 cases separately.

b) (5 pts)

Using the Holstein-Primakoff transformation, write the effective bosonic theory at large S to
leading nontrivial order in 1/ (in other words, keep the order S? and order S terms but drop the
order 1 terms).

c) (10 pts)

Obtain the spectrum of the theory to leading nontrivial order in the 1/S expansion. Again for
the case A > 1, what does the spectrum look like when the momentum is close to zero 7 Do you
think that this approach also works for A < 1 7 Explain your reasoning.

d) (5 pts)

Let us from now on restrict ourselves to the case A > 1. We shall be interested in the space- and
time-dependent correlations between the spins (in the large S limit). Since the spin operators are
written in terms of bosons, we can build everything in terms of the latter’s correlators. Therefore,
as a first step, for a free bosonic theory Hy = ), ekalak, calculate the retarded correlation
function

Cpty (1 — 12) = ~i0(t1 — t2) (1), af (12)])

in which the operators are in the interaction representation! a(t) = e'otae="0t Hint: it’s easiest
to do it directly (i.e. wusing operators, so without the field integral); you can calculate the zero-
temperature correlation (i.e. on the ground state), though the correlator turns out not to depend

on which state you’re calculating it on.

e) (5 pts)

Using the Kubo formula (see Useful Formulas), and specializing to zero temperature, calculate
the effect (in linear response) of applying the operator S5, at time ¢, on the expectation value of
operator 57, at time ¢, to leading order in the large S expansion. Hint: simply consider applying
the time-dependent perturbation fo(t — tl)Sj’l (with f representing some very small ‘probing’ am-
plitude). Remember that S* = 1(S*+57), and that the ground state is fully polarized. For your
information: this and similar correlations can be used to describe inelastic neutron scattering
experiments.

... which here is the same as the Heisenberg representation since the perturbation is absent.



£)* (10 pts)

Go back to the derivation of the Hamiltonian for bosons, and keep the order S° term in the 1/9
expansion. Show that this gives an interaction between the Holstein-Primakoff bosons of the form

1 ) Pt
Hmt = — Vk7k/,qak+qak,fqak/ak.
k.k'.q

Give the explicit form of Vj js 4. Considering again A > 1 and small momenta, is this interaction
repulsive or attractive? What does this mean for the stability of the theory at this order in the
1/S expansion?



2. Conductance through an Anderson impurity (70 pts)

The influence of interactions on electronic transport properties can be observed in many nanos-
tructures, in particular in a so-called quantum dot, namely a spatially isolated island in and out
of which electrons can tunnel. Due to its small size, the quantum dot supports discretely-spaced
energy levels; considering only one of these levels for simplicity, we model the dot with the Hamil-
tonian
Hy = Z baodldy + Ungrng,
o=",1

in which d,,d! are the annihilation/creation operators for a spin-o electron in the considered
level on the dot (they obey the canonical equal-time anticommutation relations {d, d};,} = 00’),
€do = €do — b is the on-site energy (including chemical potential shift set by a gate voltage),
Ndo = d];dg and U is a Hubbard-like repulsive interaction which is counted if the dot is doubly
occupied.

To investigate transport properties through the dot, we put two conducting leads to the left
and right. These leads are described by the Hamiltonians (in which the index &k can be thought
of as a momentum-like label)

Hy =" &lf Ik, Hy =Y &rl, ko,
ko ko

in which I, ll are the annihilation/creation operators for fermions in the left lead, which obey

{og
the canonical equal-time anticommutation relations {l;m,l};,a,} = ki 0507, and T;W,T,Tm are the
corresponding ones for the right lead. For simplicity, we have taken the set of one-body energies
&k, &rk to be the same in the left and right leads &, = & = &k, and are neglecting any interaction
effects in the leads.

Since they are in close proximity, the leads and the dot hybridize, meaning that electrons can

effectively hop from/to leads to/from dot. This is modelled using the tunneling Hamiltonian

Hy = Hi+ Hya = > (1] do + tidblko | + 3 [terf,do + trdbro |
ko ko

in which ¢; and ¢, are complex amplitudes quantifying the intensity of the hopping. The whole
setup, whose full Hamiltonian is thus H = Hy + H; + H, + Hy, is illustrated in Fig. 1.

H, H, H,

LEJ
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Figure 1: Cartoon of the experimental setup for measuring the conductance through an Anderson-
type impurity. The left and right leads, on which a finite (static) voltage difference is applied to
drive the current, couple to the dot via the tunneling Hamiltonians H;y + H,.q. On the dot itself,
a single level is available, with a Hubbard-type interaction energy cost U for double occupancy.
The dot has a chemical potential set by a gate voltage.



The leads will act as reservoirs for electrons: putting the leads at different chemical potentials
(voltage), electrons will tend to hop from one lead to the dot and then to the other lead, leading
to an observable current. Since the dot can only accommodate up to two electrons at a time,
and since the electrons are strongly interacting when they sit on the dot, this current will be
a complicated function of the applied voltages, interaction U and tunneling coefficients. This
exercise aims at calculating the so-called conductance through the dot.

a) (10 pts) The (particle number) current going into the left lead can be written as the time
derivative of the total number of electrons in the left lead,

d .
Il = %Nl =1 [H, Nl], Nl = ;l]zgllar

Show explicitly that
_ i — 3 T
L =Ji+J/, where J =-it Zlkgdo.
ko

Note (you don’t need to rederive this, it’s obvious) that this implies the similar-looking formula

d

I, =—
dt

N, =J,+ J:, where J, = —it, Zr,deg
ko
which will be of use later on.

b) (10 pts) It is possible to choose a smart basis for our fermions. Namely, in each fixed k, o
subsector, let us define the unitary transformation U into even and odd combinations (u,v are
parameters to be determined later; they do not depend on k, o)

()-0(5)- (2 2)(5). s
Oko Tko —v U Tko

Since this tranformation is by definition unitary, the ey, and o, obey canonical equal-time an-
ticommutation relations {ekg,ez/al} = Ogrdsor and similarly for og,, with e and o operators
having trivial (vanishing) anticommutation relations with each other. The lead Hamiltonians thus
naturally preserve their form under this transformation,

H +H,.=H.+ H,, H, = kaelaekaa H, = kaolaoka-
ko ko

Show that a smart choice of the parameters u,v (which you are asked to give explicitly) turns
the tunneling Hamiltonian into the particularly simple form

Ht = Hld + Hrd == Z{ |:6]1;,o.d(7 + d:ryeka:| ’ EE V |tl‘2 + ‘tr|2a

ko

in other words that the tunneling Hamiltonian only involves the even and impurity fermion modes,
but not the odd ones.

c) (5 pts) Let us now apply a perturbation in the form of a static voltage difference between
the leads. A time-independent current will develop, which we define as I = I;. Note however that
in this time-independent situation, we must have I; = —I,. by charge conservation (the dot cannot
accumulate charge). Therefore, we are entitled to equivalently consider any linear combination of
the form
I=al,—(1-a)l,.

Show that under a judicious choice of the free parameter v (which you are asked to give explicitly),
we can write the current operator in terms of the impurity modes d and the odd fermion modes
o only,
tit,

7

I=J+J1, JEionLUdU, t=
ko



d) (10 pts) Let us now treat the voltage difference between the leads perturbatively using linear
response theory. Our starting point is the retarded current-current correlation function,

Cra(t) = =iB(){[1(£), 1(0)])

where the average is taken using the full unperturbed Hamiltonian H = H; + H. + H, + H; for
&k = &k = & (in the unperturbed system, the leads are at same voltage).

Using the following definitions of the ‘greater’ and ‘lesser’ Green’s functions of the odd electrons
and of the impurity (careful with the time arguments!),

Gry (t1 — ta) = —i{opo(t1)o}, (t2)), Gty — t2) = (0], (t2)oko (1)),

G&~ (tr — t2) = —i{do(t1)df (2)), gg S(t — t2) = ild] (t2)do (1)),
show that the retarded current-current function can be written as

ClHL () = —ib(t ZW [G2S(—)GE> (1) — G2 (—H)G2<(t) — (t — —1)] .

For future reference, the conductance G which we will want to calculate is defined by the

zero-frequency limit of the (time) Fourier transform of C1J,,

G = lim —“tm 11 (w), %x>/ﬁw%0

w—0 W o

N.B.: INFO BLOCK !!!
You can use the equations in this greyed-out part without rederivation.

The retarded current-current function can be Fourier transformed to frequency space as
follows. Using the facts that

[G°7 ()] = [=i{o(t)o" (0))]" = i(0(0)0" (1)) = =G~ (=), [G7=(O)]" = =G7=(~t)

and similar-looking equations for G¢, it can easily be shown that
i) =5 [ e S 68 (0680~ 627650~ ).
Using the conventions

60 = [ Lo, Gw= [ aeigo,

leads after simple manipulations to

2
m C}h(w) = P Z/ dWI w1) [GE” (w1 + w) — G (w1 — w)]

—Gp7 (w1) [GF (w1 + w) — G (w1 —w)]} .

Making use of the following identities relating the greater/lesser Green’s functions to the
spectral function

G7 (w) = =i(1 = nrp(w))Aw), G=(w) = inp(w)Aw),



in which np(w) = eﬁw—l+1 is the usual Fermi-Dirac distribution, the imaginary part of the
retarded current-current function can then be rewritten as

2 wl
m C/L(w _ P Z/ﬁ %n o () ) { A2 (w1 + W) (w1 +w) — np(w)] — (@ — —w)} .

e) (10 pts) At this point, you should notice the truly remarkable fact that Im CIZ (w) is given
by correlations of the odd fermions and impurity ones. Remember that we had shown earlier that
only the even fermions couple to the dot! Therefore, the odd fermions still are described by the
free Hamiltonian H, =), fkoiaokm and they do not couple to the rest of the system.

Show that the retarded Green’s function of the odd fermions is

1

o,ret _
G (@ )7W_§k+i77'

You can do this either by using the Matsubara formulation of the functional field integral to
calculate the imaginary-time function G;_ (iwy,) = (VkonWkon) (performing the substitution iw, —
w+in at the end of the calculation) or by calculating this function ‘canonically’ from its definition

go ret( t) = —i@(t)({oko (t), OLJ (0)}>

and Fourier transforming the result using the conventions G"*(w) = [~ _dte™!=tGre!(¢) (in-
cluding a convergence factor n — 07).

f) (5 pts) Using the relationship between the retarded function and the spectral function
A(w) = —2Im G (w)

and the relation Im m = —7d(w — &) coming from the Dirac identity, simplify the imaginary

part of the current-current function to
Im C//,(w) ‘%'2 > {AL & +w) [np (& +w) — np(&)] — AL(& — w) [np(& — w) — np(&)]} -
ko
Show that the conductance itself (see again the definition given earlier in d) is given by
— 2 Z 1|2 A% (& [ 3”(%(5)}

The conductance is thus a direct measurement of the spectral function of electrons on the dot.

&k

g) (10 pts) Let us now turn to the problem of calculating A%(w). The leftover part of our
Hamiltonian (H, has been dealt with and is thus ignored from now on) is

H=Hy+H, +H, = ngad do + Unayna, + Y &elpons + 3 [T ehods + Fdiers]
ko ko

Let us now consider the functional field integral representation for this Hamiltonian (directly in
the Matsubara representation). Introducing Grassmann coherent states Q/Jkgn,iljkgn for the even
fermion modes (n is thus the Matsubara frequency index), and ¢g,, ¢on for the impurity modes,
we can write the partition function as

Z= /D((/Z,@/D(@’w)e—sd—se—st



in which

_ _ U _ _
Sd[¢a ¢] = Z ¢an [_an + Eda] ¢an + E Z ¢Tn+m¢in’—m¢in’¢?n7

n,n’,m

Se [1;, ¢] = Z /(chrn [*iwn + gk] wkanv St [&a @b; Q_Sv ¢] = Z [E z/jkan(yba'n + E*qganwkan] .

kon kon

The even modes appear as bilinears; show that they can be ‘integrated out’, yielding the effective
theory for the impurity modes

o—Sald.9) / D(B, )= Selbbl=S006.0] _ (1 =5essld:0)
where C is some ¢, ¢-independent quantity (so we can forget about it and set it to 1 here) and

Seff[gz, ¢] = Z (Z_San [*an + gda' + E(iwn)] ¢U’n + % Z &Tn+m¢_)¢n’—m¢)¢n’¢'rn7

n,n’,m
in terms of the even electron ‘self-energy’ function which is defined as

= £

k

h)* (10 pts) The effective theory we have obtained is actually quite simple, since it only involves
the impurity fermions. Let us now make the further simplifying assumption that the even electron
self-energy is equal to some constant, ¥(iw,) = ¥ — 4I' (with £,T" € R). Show? that the retarded
Green’s function of the impurity fermions then takes the form (here, for spin 1, the expression for
Cf’ret being similar)

1—
Cd,’r’et (W) —_ <nd$> i + <’n’d$> _ .
wfde*E#*%F LU*de*U*E‘F%F

Show that the spectral function then is given by the sum of two Lorentzians,

— olm e () — (1= (na))T (ng )T
A%(w) =21 CT (w) = (W—Car — )2+ (/22 " (w—Eq—U—%)2+ ([/2)%

Make a sketch of the expected conductance G as a function of &4y (thus as a function of the
gate voltage applied on the dot), assuming that the interaction U and inverse lifetime ~ I' take
some nonzero values (you can put X to zero), and that the temperature is zero. Give a physical
interpretation of whichever peaks you find in the conductance G(&4+).

2Hint: consider inserting the identity 1 = (1 = ngy) + ngy in the correlation function for the spin-up impurity
modes, and using the fact that 1 — ng projects onto the subspace with ngy) = 0, and that ng projects onto the
subspace with ng) = 1.



Useful Formulas
Trigonometric and hyperbolic functions
sin(fy + 63) = sinfy cos b + cosby sinby,  cos(fy + O2) = cos B cos Bz — sin By sin o,
1 1
cos®f +sin’0 =1, sin?f= 5(1—c0529), cos? 0 = 5(1—}—(:0529),

sinh(0; + 02) = sinh 6; cosh 82 + cosh 67 sinh 05,  cosh(61 + 62) = cosh 61 cosh 05 + sinh 67 sinh 65,
1 1
cosh?§ —sinh?@ =1, sinh?6 = §(cosh 20 —1), cosh?f = i(cosh 20 +1).

Series expansions

:i% cosx—Z(—l) éj:;', sinx:i(—l)"(;:i:)!,
n=0 n=0 n=0
(1+x)a=§:<z)x":1+ax+o‘(o‘2_1)x2+m7 n(1 + ) i n+1$n
n=0 n=1
Bosonic occupation number states
b6 ] =1, |n)= %(N)"IO), bin) = Vn+1ln+1),  bln) = v/nln —1).

Pauli spin matrices

. (01 y [0 —i . (1 0 IS R
O‘—<10>, O_(i 0), U—(Ol), U—Q(in).

Spins on a lattice
SU(2) spin algebra (here, 4, j, k = x,y, z and m,n denote lattice sites).
(95253 = 16z 5.

Spin raising and lowering operators: 5‘% = SﬁL + sz with

For the S = 1/2 case, one can use the representation S* = 0%/2, i = x,y, z.

Holstein-Primakoff transformation
S-=al (25 —al am)'/?, St =25 —al am) 2am, S: =8 —al am
where a,,, al are bosonic operators obeying the canonical algebra [a,,,al] = 6., (other commu-

tators vanish).

Fourier transformation

— 2 1 ikm ara a;.,a bosons
a E k E —ik 1 kG, e
; VN e, am = /N e "Mag, lag, alc = ]f I’rc 7 fermi = Ok

m=1 keBZ axa,, + a.ap, termions



Bogoliubov transformation

The matrix
a b
b —a
(here for a,b € R) can be diagonalized by the unitary transformation
+_ (€ 0 [ cos@ sinf
vy _(O 5)’ U_(sinﬂ —cos
where tan 20 = £ and ¢ = (a® + b?)/2.

Coherent states (bosons: ¢ = 1, fermions: ( = —1)

¢) = exp [cZ@aI} 0)

ai|) = ilo), al|p) = (0,

The norm of a coherent state is

%), (¢lal = (4|6, (Blas = 5,0¢] Vi

(¢lg) = exp lz (bi(bi] :
Coherent states form an (over)complete set of states:

/ Hd(&i,@)ef ¥, bidi

with 17 the identity in Fock space. The measures are d(¢s, ¢s) = % for bosons, d(¢;, ¢;) =
do;deg; for fermions.

o) (Bl =1F

Campbell-Baker-Hausdorff formula
The general identity called the Campbell-Baker-Hausdorff formula reads:

_ =1
e PAeP =) — 4, Bla, where [4, B],, = [[A, B]._1,B], [A,Blo=A.

n=0

This can be specialized to some simpler particular cases. Let A and B be two quantum operators
such that [A, B] commutes with A and B. Then, the following identities hold:

A8 = ¢AeBe3lA Bl (A, e*P] = \[A, B]e*B.
Another useful one is:
if [A,B] = DB and [A,D] = 0= [B, D], then f(A)B = Bf(A+ D).
This then implies (under the same conditions) that
eBe™* = BeP.
Grassmann variables

Vi, 3, min; = —nni, /dm =0, /dmm =1

10



Coherent state path integral representation of the partition function
For a second-quantized Hamiltonian of the form
ﬁ(aT, a) = Z hijazaj + Z Vijklaza;akal,
ij ijkl
the partition function is

2= [ D@ p)eso.

Here, we work directly in the Matsubara frequency (usually labeled by the index n, whose value
runs over all integers) representation. The measure is defined as D(¢,v¢) = [, [1,, d(¥in, Vin)
and d(1, 1) = Bdidy for fermions and d(v, ) = %ﬁdwdz/) for bosons (see next subsection for the

Gaussian integral). The effective action is

5[1;7 W = Z 775171 [(_iwn - ,U/)éz] + hz]] 7#jn + T Z V;jk:llzinl&jn2¢kn3wln46n1+n2,n3+n4-

ij,n igkl,{n;}

Gaussian integration over bosonic/Grassmann variables

By definition, in the frequency representation of the action, we use

[t et = (o)<
with ¢ = 41 for bosons and —1 for fermions.

Wick’s theorem (fermions)

The expectation value of a product of fermionic fields over a noninteracting theory is given by the
sum over all pairings signed by the permutation order. For four fields,

(Yatbpetha)o = (Yaa)o(Wpte)o — (Yatbe)o(piba)o-

The first term is the Hartree term, the second is the Fock term.

Relations between Green’s functions
retarded from imaginary-time: C™(w) = C7 (iwy,)]

Wy —wW+1in

advanced from imaginary-time: CreH(w) = C7(1wWn)lius, oin

Matsubara sums (fermions)

S (B [~iw, +€)) =In [1+ ],

1 1
T _ _ .
zn: iwp —eq+p eBlea—n) 41 np(€a, 1)

Interaction representation

For the Hamiltonian H = Hy+H in which H; represents the ‘interaction’ and Hy the free (exactly-
solvable) model, the interaction picture states and operators are related to the Schrodinger ones
by

WD) = (), O (1) = o0,

11



Linear response theory: the Kubo formula

For the time-dependent Hamiltonian (in the Schrédinger picture)

H(t) = Ho+ F(t)P,

with initial condition that the system at ¢ — —o0 is in state [t),), the time-dependent expectation
value of operator O is given in linear response by the Kubo formula

O(t) = (ol Olto) + / d'COL (t—t)F () + O(F?)

in terms of the retarded correlation function (computed in state |1g)) between the perturbation
and observable, this retarded function being defined (for a generic state |¢)) as

COL (t—t) = —ib(t — ) (][0T (), P ()]]).
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