Statistical Physics and Condensed
Matter Theory I: Final exam

Tuesday 25 October 2016, 18:00 - 21:00, SP HO0.08

Please write legibly and be explicit in your answers. I cannot give you points for things I
can’t/don’t see !

Please use separate sheets for each question, and put your name, student number
and study programme on each of them.

There is a collection of useful formulas at the end, which you can use without rederivation.
Class notes and books are not allowed.

This exam consists of 2 problems. You should do both of them.

Sub-questions marked with * are particularly challenging. Consider solving them only once
you’re finished with the rest.

Be smart: if you're stuck on a (sub-)question, don’t lose too much time, you can always
move on to the next one (the questions are for the most part formulated in order to make
this possible).

The points add up to 110, that’s 10% bonus for you from the start.



1. Heisenberg antiferromagnet in a crystal field (35 pts)

Consider the general spin S one-dimensional Heisenberg antiferromagnet in the presence of a
so-called crystal field term:

N

H=JY Smn-Smu1+D> (55)°

m=1

For definiteness, we consider an even number of sites N and impose periodic boundary conditions
Sm+N - Sm

a) (5 pts)
What is the effect of the crystal field term when S =1/2?

b) (5 pts)

For generic S, what are the classical ground states for D < 0 7 For D > 0 7 Are they also
quantum ground states?
Hint: think of Néel ordering in various directions, and how H acts on states you’re thinking of.

c) (10 pts)

From now on, we assume S > 1 and D < 0. Since antiferromagnetic configurations will be
preferred, before applying the Holstein-Primakoff transformation, we rotate the spins on one sub-
lattice (say the even sites) by 7 around the x-axis, S5, = Sg.. Sy = —SYy,, Si = —S3,,
S5i¥% = 5594 to yield the equivalent Hamiltonian

=2

H:—JZ[ananH S¢S, 4 Sy Sy +1}+DZ(SZ)

m=1

Applying Holstein-Primakoff, show that this allows to write down the Hamiltonian (to leading
nontrivial order in 1/5) in Fourier modes

H=-N(J—-D)S*+ JSZ [( —D/J) 2 alay + cosk (a_pay + alal k)} +0(8Y).
k

d) (10 pts)

Still for D < 0, diagonalize this Hamiltonian to leading nontrivial order in 1/S. What is the
spin-wave spectrum ?
Hint: you need to explicitly perform a Bogoliubov transformation (see ‘Useful formulas’).

e) (5 pts)

What happens to the spectrum as k — 0 ? Contrast this result to that in the case of the pure
antiferromagnet (D = 0), in which e, = 2JS5|sink|.



Figure 1: Cartoon of a (too simplified to
be realistic) photoemission setup. A 1d
chain in which electrons can hop around
is represented by Hamiltonian H.. Next
to it is a 1d free-space (continuum) chan-
nel represented by H,;. The whole setup
is bathed in an electromagnetic field de-
scribed by H,. The field can induce hop-
pings between the chain and channel due
to the coupling Hg.,: an electron in the
chain can absorb a photon and be ‘pro-
moted’ from the chain to the channel,
where it can be observed (the reverse is
of course also in principle possible, but
not relevant to the experiment).

2. Photoemission spectroscopy (75 pts)

One of the obvious first questions to ask about an electronic system is: what are the energy levels
available to the electrons? It is thus desirable to have probes which are able to directly ‘see’ those
levels (namely, to directly observe the single-particle spectrum of a system). Electromagnetic
waves are commonly used, and the ensuing set of methods is collectively known as spectroscopy.

In this problem, we consider a (cartoonish) setup in which we describe spectroscopy from
photoemission, namely the ‘emission’ of electrons (for simplicity, we ignore spin) from a sample
after stimulation by light. The setup is illustrated in Fig. 1.

The Hamiltonian of the chain is taken to only involve nearest-neighbour hopping, and is written

using canonical fermionic operators c;, c; as!

H.— uN,. = —tz |:C;Cj+] + h. c.] — ch}cj7 {cj,c;,} = 0j -
J J

Performing a Fourier transformation (assuming periodic boundary conditions over N sites, namely
site N + 1 is site 1) for simplicity) using the conventions

N
1 o 1 iy
c; = —— ey, = —— e M, kn=-—n, n=-N/2+1,..,N/2,
NG ; k k \/N; J N / /
we have that {ck, cl,} = di,, and that the chain Hamiltonian can be written
H.— uN, = Z(—Qt cosk — u)clck = ngclck.

kn kn

For the free-space channel, we rather consider a continuum (no lattice) and directly write its
Hamiltonian using momentum-labeled fermionic operators s(p), sf(p) (—oco < p < ) as

H, = /_oo dp e4(p)s'(p)s(p), [s(p).s'(0)} = 8(p — '),

in which e4(p) is here left unspecified (if you insist, e5(p) = % but we won’t make use of this).
Finally, we keep the light field as simple as it can be, and choose a monochromatic source of
fixed frequency w. Using bosonic operators a,a! for the photons, its Hamiltonian is simply

H, = wa'a, [a,aT] =1.

I'We already include the chemical potential here for convenience.



The ‘basis’ (noninteracting; exactly-solvable) Hamiltonian is thus?

Hy = H. — uN, + H, + H,.

Note: this exercise is divided into 3 parts. You can start Part II without having
finished Part I. Part III is for those who are trying to impress me.
If you get stuck, just move on to the next (sub)question.

2 Part I: noninteracting electrons

a) (10 pts) The light field is able to excite electrons out of the chain and into the continuum.
Such a process involves a photon being absorbed, an electron in the chain being ‘destroyed’ and
re-‘created’ in the continuum (or the reverse). This coupling can be modeled by adding a term of
the form -
Hep = ’y/ dp Z sT(p)cka +h.c.
o0 k

to our Hamiltonian, in which ~ represents some matrix element for the scattering event (for
simplicity, we have assumed v to be independent of p and k).

The observable we are intersted in is the number of particles being scattered into continuum
states at momentum p per unit of time. This rate is given in terms of the number density

ns(p) = s'(p)s(p) as
d

@ns(p) =i[H,ns(p)].

Show that this operator is
d
— 1l
dtnS(p) = -y Ek s'(p)cra + h.c.

b) (10 pts) Let us assume that the light field (generated by a laser or other coherent source) is
maintained in the coherent state

)0 = €2 [0,

in which |0), is the vacuum of a. As far as the electrons are concerned, we can thus use operators
averaged over this state of the light field,

a(@()[Hscald(t))a (&) s (p)|6(1))a
a(9|)a a(0]d)a

with |6(t)), = e *et|@),. Show that this leads to the following expressions for the effective
Hamiltonian for s and ¢ electrons and for the rate (here in the Schrédinger picture)

H,.(t) =

and  R(p,t) =

Hio(t) = ype™ ™' J + hec, R(p,t) = —iyge ™" j(p) + h.c.
in which
o0
1= [ dpin i) =35 e
o =
20f course, the boson a commutes with fermions, [a,cx] = 0 = [a, s(p)], and fermions anticommute, {c, s(p)}
= 0.



c) (10 pts) Our Hamiltonian now involves only electrons, and reads
H(t) :HO,SC_'_HSC(t)? HO,SCEHC_MN0+HS~

We will consider zero temperature and place the chain at chemical potential p. The free-space
channel is initially empty, so its state is just the vacuum (its chemical potential is zero). We thus
take expectation values over the state

1;0) = |p)e @10)s, ((-))o = (5 01C-..) | 0)

which is the Fermi sea ground state of chain electrons at chemical potential p, tensored with the
vacuum of free-space channel electrons.
Using the Kubo formula, show that the scattering rate we are looking for is given by

R(p,t) = Ry — i72|¢|2/7 eI (¢ — ¢yt L,

where

ci@) ! (t—t") = —if(t —t'){ {jI(Pv t), JIT(tI)] )0

ret

with operators in the interaction representation based on Hy s, i.e. O = ¢tHo.sctQe=tHosct,

d) (10 pts) Show (most easily using a direct calculation, expressing any time dependence di-
rectly on the operators) that this retarded Green’s function equals

k

in which ny, = C(,u|c£,ck|,u>c =np(&) = ﬁ is the expectation value of the number of electrons
in mode k in the chain (you don’t have to rederive this last result).

e) (5 pts) Using this result in the Kubo formula, and using an 7-regulator to ensure con-
vergence of the time integral (i.e. replacing et — ¢!t 5 — 01), and remembering that
n

lim,, o+ %W = §(x), show that R(p,t) is in fact time-independent and equal to

R(p) = 2m9*(¢* > 6(w — £4(p) + &) -
k

For your information: you can now clearly see the usefulness of photoemission spectroscopy.
It gives direct access to the energy levels and their occupation.

f)* (5 pts) Going to infinite lattice size N — oo, the momentum sum 3", (...) becomes N [ _dk(...),
and the scattering rate per site
R(p T _
BO)  omoiofe [ ahd (o — ea(p) + €06 k).

—1T

)= i,
Using the é-function rule

Sty = Y mau o),

xo zero of f
obtain an explicit expression for 7(p), in which you have explicitly evaluated n(k). Provide as
accurate a sketch as you can for this rate, given the form of £(k) obtained above, and assuming

es(p) = p*/2m.



2 Part II: interacting electrons

Let us now turn on interactions between electrons when they are on the chain. Specifically, we
will modify our H, to include a Hubbard repulsion term, which is counted if two electrons are on
neighbouring sites:

H.,— uN, = —tz [c;cﬂ_l +h. c.} — ch;cj + Uannj+1.
J J J

II.a) (5 pts) Write the Hubbard interaction term in Fourier space, using the conventions in La.

II.b) (5 pts) Let us focus first on the free case U = 0. The coherent state path integral
representation of the partition function Z(©) and free effective action® of the free system are

20 = [D@E S, Sl ] = 3 b i+ 6 Y
kn

By directly performing the Grassmann integrations, show that the free (U = 0) Green’s function
is

1

Q,ﬁ?,{ = (Vrnthrn)o = where we denote  {(...))o = ﬁ/D@’w)(m)efSo[i),w].

Wy — fk

II.c) (5 pts) By direct calculation, show that up to and including terms of first order in U/t,
the Green’s function of the interacting system can be written?

1

iwn - gk - Ek,n

gk‘,n = <7an¢kn> =
where ¥, is called the self-energy. Give an expression for it to first order in U.

II.d) (5 pts) What is the influence of the Hubbard interaction term, to first order in U/t, on
the expectation value of the number of electrons in momentum state k7 In other words, calculate

2 Part III, finale

IIT.a)* (5 pts) Using the result in II.d, and referring back to Le-f, give a formula for the
scattering rate 7(p) in the presence of Hubbard interactions (to first order), and sketch it.

3Here, we always write the momentum k and Matsubara frequency index n separately.

“Hint: 14U = 25 + O(U?).




Useful Formulas
Trigonometric and hyperbolic functions
sin(fy + 63) = sinfy cos b + cosby sinby,  cos(fy + O2) = cos B cos Bz — sin By sin o,
1 1
cos®f +sin’0 =1, sin?f= E(l—cos%), cos? 0 = E(l—l—cos%),

sinh(0; 4+62) = sinh 61 cosh 03+ cosh 61 sinh 63, cosh(6;+62) = cosh 67 cosh #3+sinh 6, sinh 65,
1 1
cosh?§ —sinh?@ =1, sinh?6 = §(cosh 20 —1), cosh?f = E(cosh 20 +1).

Series expansions

:i% cosx—Z(—l) éj:;', sinx:i(—l)"(;:i:)!,
n=0 n=0 n=0
(1+$)a=§:<z>$"=1+am+a(a2_1)x2+..., n(l+ ) i on
n=0 n=1
Bosonic occupation number states
b6 ] =1, |n)= %(bT)"IO% bin) = Vn+1ln+1),  bln) = v/nln —1).

Pauli spin matrices

. (01 y [0 —i . (1 0 IS R
O‘—<10>, O_(i 0), U—(Ol), U—Q(in).

Spins on a lattice

su(2) spin algebra (here, 7,5,k = x,y,2 and m,n denote lattice sites and ¥ is the completely

antisymmetric tensor with ¢¥* = +1 for ijk = even/ odd permutation of xyz, 0 otherwise).
R S
Spin raising and lowering operators: .SA'E,EL = S’ffl + zS},’l with

{ansﬂ S {5* S—} — 20,m 52

m? n

For the S = 1/2 case, one can use the representation S* = 0%/2, i = x,y, z.

Holstein-Primakoff transformation
S-=al (25 —al am)'/?, St = (25 —al am) 2am, Sz =8 —al am

where a,,, af are bosonic operators obeying the canonical algebra [a,,,al] = 6., (other commu-
tators vanish).

Fourier transformation

akaL, - aL,ak, bosons 5
. = Okk
akazl + aL,a;€7 fermions

3
i[]=
[
2=
@

|
4
3
S
T
)
T
S
X
~
|
f_/H



Bogoliubov transformation (bosons)

(az a_k) ( Wlk 71k ) ( a%_kk )

can be diagonalized by the transformation to new variables oy,

Qg o 1 AL
(aTk>Uk <0‘Tk)’

with [ak,al,] = 0. The matrix Uy, is

The quadratic form

U, = ( cosh @, sinh6;

sinh 0, cosh 6y, > = cosh 01 + sinh f,0

and is such that UL = U and U,;l = 0*Uo” (pseudo-unitarity). Choosing v, = tanh 26;, makes
the quadratic form matrix diagonal,

- L -1 1 211/2
U hHt U 'l=———1=[1- 1.
) <’Yk 1 ) k- cosh 26, [L =]

Bogoliubov transformation (fermions)

(s 2)

(here for a,b € R) can be diagonalized by the unitary transformation

s _ (€ 0 [ cos@ sinf
UHU _(O 5)’ U_(sin0 —cos 6

where tan26 = £ and € = (a? + b?)1/2,

The matrix

Random walks
Diffusion equation:

ot

In the scaling limit, for a d-dimensional hypercubic lattice, the diffusion constant D is related to
the lattice spacing a, step time 6t and dimension d by

(8 -D vz) P(r,t) = 0.

The probability per unit volume of being at position r; at time ¢; given that one was at r¢ and
time tq is given by

: —d > ddk 7(t17t0)Dk2+ik-(7‘177‘0)
p(ri,tilro, to) = lima™"Pr, 4 pg 10 = —e

oo (2m)
_Iri—rof? ]

1
- [47TD(t1 — to)]% P |: 4D(t1 - tO)



Coherent states (bosons: ¢ = 1, fermions: ( = —1)

¢) = exp lCZ@aI] 0)

ailg) = ¢ile), allg) = (94,9), (dlal = (], (dla; = 3, (0| Vi.

The norm of a coherent state is

(¢l¢) = exp lz m] :

Coherent states form an (over)complete set of states:
/Hd(éi,@)e_ 2 g) g =1

with 17 the identity in Fock space. The measures are d(¢;, ¢;) = % for bosons, d(¢;, ;) =
d¢;d¢; for fermions.

Campbell-Baker-Hausdorff formula
The general identity called the Campbell-Baker-Hausdorff formula reads:

e PAeP =) l[A, B, where [A, B, = [[A, Bl._1,B], [A,B]o= A.
o n!

This can be specialized to some simpler particular cases. Let A and B be two quantum operators
such that [A, B] commutes with A and B. Then, the following identities hold:

¢AtB — (AB—3lAB] (A, B] = \[A, B|MP
Another useful one is:
if [A,B] = DB and [A,D] = 0= [B, D], then f(A)B = Bf(A+ D).
This then implies (under the same conditions) that

eA*Be=4 = BeP.
Grassmann variables
Vi, Jy ming = =, /dm =0, /dnmi =1

Coherent state path integral representation of the partition function

For a second-quantized Hamiltonian of the form
Zh”a aj + ZmGla a;axar,
ijkl

the partition function is
2= [ D@ p)es.

Here, we work directly in the Matsubara frequency (usually labeled by the index n, whose value
runs over all integers) representation. The measure is defined as D(¢,v) = [, [1,, d(¥in, Vin)
and d(v, 1) = Bdipdy for fermions and d(v, ) = w—lﬂddjdw for bosons (see next subsection for the

Gaussian integral). The effective action is

Z wm —iwy — )5ij + hzy] wjn +T Z ‘/ijk’lq;inl &jnqukvm ¢1n4 6n1+n2,n3+n4-

ijn ikl {ni}



Gaussian integration over bosonic/Grassmann variables

By definition, in the Matsubara frequency representation of the action, we use

/d(&““win)efﬁmswm = (65)7C

with ( = +1 for bosons and —1 for fermions.

Wick’s theorem (fermions)

The expectation value of a product of fermionic fields over a noninteracting theory is given by the
sum over all pairings signed by the permutation order. For four fields,

(haVpthetba)o = (Yatha)o(Pptbe)o — (Yatde)o(Ysta)o-

The first term is the Hartree term, the second is the Fock term.

Relations between Green’s functions
retarded from imaginary-time: C™(w) = C7 (iwy,)]

Wy —w+1in

advanced from imaginary-time: C™(w) = C (iwy)| fon —sw—in

Matsubara sums (fermions)

Z In(B [—iwy, +¢&]) =In [1+ 6*56] ’

1 1
T _ _ |
; an —Eq + ) eﬁ(Ea*,u) +1 nF(Eam M)

Interaction picture/representation

For the Hamiltonian H = Hy+ H in which H; represents the ‘interaction’ and Hy the free (exactly-
solvable) model, the interaction picture states and operators are related to the Schrédinger ones
by

|¢I(t)> — €iH0t‘¢S(t)>, Ol(t) — eiHQtOSe—iHot'
Linear response theory: the Kubo formula

For the time-dependent Hamiltonian (in the Schrédinger picture)

H(t) = Ho + F()P,

with initial condition that the system at ¢ — —oo is in state |1),), the time-dependent expectation
value of operator O is given in linear response by the Kubo formula

O(t) = (1] Oltho) + / drcQl (t—t)F(t) + O(F?)

in terms of the retarded correlation function (computed in state |1)o)) between the perturbation
and observable, this retarded function being defined (for a generic state |¢)) as

COL (t—t) = —ib(t — ) (][0T (£), PT()]]0).

If your perturbation consists of a sum of terms, the total linear response is of course given by the
sum of the individual responses.

10



